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Abstract

This paper is concerned with the direct calculation of buckling strength of an imperfect structure. The main
assumptions are that, for the perfect structure, there is a symmetric or a linear fundamental path and the
corresponding first critical point is a simple symmetry-breaking or a simple bifurcation point. An extended system
of limit points is proposed for which the newly introduced scaling parameters are regular solution and thus standard
methods can be used to compute them. Using the extended system, one can directly obtain the exact buckling loads
without tracing the postbuckling paths. An efficient implementation of Newton’s method solving the extended
system is presented and numerical examples are given. © 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The load-bearing capacity of certain structures is highly sensitive to imperfections to which the
geometries and materials are all subjected. Thin shells are the most prominent members of this class of
imperfection-sensitive structures, which also includes certain types of columns, trusses, frames, arches,
and thin-walled structures (Koiter, 1945; Thompson and Hunt, 1973). Small imperfections in these
structures are inevitable and may result in a very significant deterioration of their buckling strength.

Up to now, three approaches have been proposed for the calculation of buckling strength of imperfect
structures. Approach (i) is based on numerically tracking the equilibrium path of an imperfect structure
beyond the point of maximum load (limit point). This can be achieved by a change in the ‘loading’
parameter (see e.g., Riks, 1979). This method is very useful and also available in most general purpose
nonlinear codes, but it requires a separate analysis for each amplitude and shape of imperfection to be
considered. Also equilibrium paths may have strong curvatures in the vicinity of bifurcation points,
rendering them difficult to track numerically. Approach (ii) uses the Liapunov—Schmidt decomposition
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together with Koiter’s asymptotic expansion about the bifurcation point (see e.g., Casciaro et al., 1992;
Peek and Kheyrkhahan, 1993). The implementations of the approach in finite element analysis, however,
involves high order derivatives of the energy functional; also the range of validity of this method is
restricted since such results are often based on the lower-order asymptotic analyses. Approach (iii) is to
perturb the equilibrium and critical state equations simultaneously (see e.g., Thompson and Hunt, 1973;
Godoy et al., 1995; Wu and Wang, 1997). This approach however, has the drawbacks similar to that of
approach (ii).

The direct method has been developed in recent years and is a main tool numerically computing
various kinds of nonlinear singular points (see e.g., Seydel, 1979; Werner and Spence, 1984; Wriggers
and Simo, 1990; Eriksson, 1994; Wu, 1995). The method is based on an extended system which
eliminates the singularity of original problem by introducing properly new equations. The goal of this
paper is to introduce a direct method for calculating the buckling strength of imperfect structures. This
method can allow simultaneous treatment of geometric and material imperfections, determine the limit
point loads and the corresponding displacements exactly without tracking the equilibrium paths of
imperfect structures, permit results to be implemented in a FEM program. The main assumptions are
that, for the perfect structure, there is symmetric or a linear fundamental path and the corresponding
first critical point is a simple symmetry-breaking or a simple bifurcation point.

Using the information on the bifurcation point and introducing some new scaling parameters, we
construct an extended system to build a bridge between the bifurcation point of the perfect structure
and the limit point of postbuckling path of the imperfect structure. Here, these scaling parameters have
their origin in the Lyapunov—Schmidt—Koiter approach (sece, e.g., Koiter, 1945; Potier-Ferry, 1987;
Triantafyllidis and Peek, 1992) and the perturbation expansion technique (Wu and Wang, 1997). The
solution to the extended system can be regularized by &, the amplitude of projection of incremental
displacement # measured from the fundamental path on the normalized buckling mode u;. of the perfect
structure. By analyzing the stability of the obtained solutions, we can choose the direction of the
continuation parameter ¢ so that the limit point is the maximum value of the load on the corresponding
post-buckling path. Finally, without tracking the equilibrium paths of the imperfect structures, one can
directly find the exact limit loads and the corresponding displacements by continuing ¢ with the
extended system. The implementation of Newton’s method solving the extended system is discussed.
Three examples are used to illustrate the validity and applicability of the proposed method.

2. Basic formulae

In this paper, the term ‘imperfect structure’ will be used repeatedly and will denote a more detailed
structural model, which simulates some of all of the unintended deviations of the real structure from the
perfect model. These unintended deviations will be collectively denoted as imperfections. It is
understood that the imperfections have been normalized so that, for zero amplitude of the imperfection
modes, the imperfect structure is reduced to the perfect one.

Consider a discrete imperfect structure. Let the potential energy of the imperfect structure be given by
V(u, A, w) where u denotes the additional displacement of the imperfect structure from its initial
configuration, /4 the loading parameter, and w the imperfection of the structure. Let R" and W denote,
respectively, spaces of displacement and imperfection of the structure. We introduce two inner products
in the two spaces denoted by (u, v) for u, v € R" and [wy, wy] for w; € W (i = 1, 2) and the corresponding
norms are ||ul| = (u, u)"/*> for ue R" and |w| =[w, w]"? for w e W, respectively. It is convenient to
distinguish between the imperfection amplitude ¢= |w| and the normalized imperfection mode
u# = w/|w|. The equilibrium equation of the imperfect structure is derived by using the stationary
principle:
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Vi(u, A, ¢it) = 0. (1)

Throughout the paper, we will use the following notations: various functional (Fréchet) derivatives of
the potential energy with respect to # and w are denoted by subscript ( ), and ( ),,, respectively, etc.

We consider a critical point of the equilibrium path determined by eqn (1) that governs load-bearing
capacity of the imperfect structure. The critical point is determined by (Thompson and Hunt, 1973;
Budiansky, 1974)

Vo, 2, it )p = 0 2

for some eigenmode ¢ € R", ¢ # 0. Consequently, for a given structural imperfection mode u, the
corresponding buckling load for the imperfection amplitude ¢ can be found by solving the system of
nonlinear eqns (1) and (2) (in unknowns u, ¢ and 1) subject to the condition that the equilibrium
position determined by the solution of eqns (1) and (2) is associated with the maximum value of load on
the corresponding postbuckling path.

We assume that, for the perfect structure, there exists a fundamental equilibrium path u = uy(1) as the
load increases from zero, i.e.

Vi(uo(2), 2,0) = 0. 3)
Let 42 =1, be the buckling load for the perfect structure and it is assumed to be simple with
corresponding buckling mode u;, normalized by |lu;.|| = . In mathematical terms:

Vzuult,‘ =0 (4)

where superscript ¢ denotes the corresponding derivatives of potential energy function V calculated at
(u, 4, w) = (up(4c), 4c, 0). We further assume that, when load parameter A passes increasingly through its
critical value /., the fundamental equilibrium path becomes unstable from stable (Thompson and Hunt,
1973; Budiansky, 1974; E1 Naschie, 1990):

d )
VZuAu%c = :ﬂVuu(uo(/h), A, O)M%Ch:k < 0. (5)

We also assume that the effect of imperfections is of the first order (Thompson and Hunt, 1973;
Budiansky, 1974; E1 Naschie, 1990; Ikeda and Murota, 1990):

Vipttict # 0. (6)

3. Calculation of the buckling strength via extended system

A method for calculating the buckling strength of imperfect structures is introduced in this section.
The method is based on an extended system for which Newton-type algorithms have the quadratic rate
of asymptotic convergence.

3.1. Formulation of extended system
Based on the Lyapunov—Schmidt—Koiter approach (Koiter, 1945; Potier-Ferry, 1987; Triantafyllidis

and Peek, 1992) and the perturbation expansion technique (Wu and Wang, 1997), the displacement field
u, eigenmode ¢, load parameter 4 and imperfection amplitude ¢ associated with the limit point of the
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imperfect structure can be written as u = ug(4. + EA) + Cuy. + &y, d=u.+ &Y, A=A + A e = &1
where v and  satisfy (uy.,v) =0 and (i, ) = 0, respectively. We can therefore propose the following
extended system for determining limit point of the imperfect structure:

Siv Y, AT, E)
N VA S NN
E(Vs ‘/js As T: é)_ (ulcy V) - 0 (7a)
(ulca l//)
where
2 2_=
Vilvalde + &)+ Gure + & de + EN El) 4 g
fi= ¢ 1 (7b)
VZuv + AVZu},ulc + TVZWﬁ + 5 VZuuu%(?’ if é = 0’
V(oG + EN) + Eure + Ev, S + EA, Exit)(ure + &)
X , if £#0,
= ¢ (7¢)
Vitulp + AV;u/lulc + V;uuu%c’ if é =0
and
E:R'XR'XRxRxR—R"xR"xRxR. (7d)

In eqn (7a), the first formula describes the equilibrium condition, the second formula expresses the
critical condition (limit point) of the equilibrium, while the third and fourth formulas indicate,
respectively, orthogonal conditions resulting from the Liapunov—Schmidt decomposition. By using the
Taylor expansion about £ = 0 in the respective numerator in the first and second formulas in eqn (7a),
the equations of the extended system in the case ¢ =0 can be obtained. For the stable solution of a
nonlinear equation, using the Newton’s method, say, it is important that the solution is nonsingular
(Werner and Spence, 1984). The appearance of denominators & and ¢, respectively, in the first and
second formulas in eqn (7a) guarantees that the solutions to system (7) is nonsingular. This will be
proven in the theorem below.
Consider the following system of equations:

E(v,y, A, 7,0)=0. (®)
It has the solution

(v, ¥, A, ©) = (vo. ¥o. Ao, T0) (9a)
where

Vo:=Yo0 — (U1c> V00 )U1c»

Yo=to) — (ul(r: lﬁoo)um
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AO:: meuu?c
Vituiu%c
Ve u1 .
— uuu Ob
o 2Vunu1€u ( )
and vop and Y, are, respectively, particular solutions to the following equations
V;ulv-'_AOVuu)ulC +TOV;mu +5 V:muulc =0 (loa)
and
melp + AoVZu/lulc + V;uuu%c =0. (IOb)

Theorem. Let potential energy function V(u, 4, eu) satisfy conditions (3)—(6). Then, for £ = 0, extended
system (7) has a solution (vo, ¥, Ao, 79) and its linearization with respect to (v, ¥, A, 1), at this solution,
is non-singular.

Proof. Based on conditions (3) and (4), the homogeneous system associated with the linearization of
extended system (7) with respect to (v, Y, A, 7) at £ = 0 has the form

V3oV + AV, uie + 01V, i =0, (11a)

VO 4 AV iy = 0, (11b)
(u1e, 0v) =0, (11c)
(uie, 09) = 0. (11d)

Taking inner product with u. in the two sides of eqns (11a) and (11b), respectively, and using eqn (4),
one achieves

OAVE i} + 0TV upit =0, SAVE,,

uw uus

i, = 0. (12)

Under conditions (5) and (6), one derives 6A = dt = 0.
Substituting 6A = d7 = 0 into eqns (11a) and (11b), respectively, one has

Viov=0, V. op=0 (13)
and their solutions are given by
dv = cluy,, oY = Aup, (14)

where ¢! and ¢? are some real constants. Substitution of (14) into eqns (11c, d) leads to ¢! =¢* =0,
hence
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Sv=0, oy =0.

This completes the proof.
We can draw important conclusions from the Theorem.

Corollary. Let the conditions of the Theorem be satisfied. Then there exists a locally smooth solution
branch (v(&), Y(&), A(E),1()) e R" X R" x Rx R of E(,y,A,1,&)=0 such that v(0)= vy, Y(0) =
Vo, A(0) = Ap and ©(0) = 79, and for & #0, A:=A. + EA(E) is the buckling load for the imperfection
amplitude ¢21(¢) when EA(E) < 0.

Proof. The existence of local smooth solutions (v(&), W(&), A(E), ©(&)) satisfying the initial conditions
follows from the regularity of the Jacobian of system E =0 [eqn (7)] with respect to (v, ¥, A, 1) at
&E=0.

On the other hand, for & # 0, from eqns (7a—c) one derives

Viluo(he + EME)) + Eure + EW(E), e + EAQ), E1(E)it) = 0,

Viultto(Ae + EME)) + Cure + EW(E), 2o + EA(E), E2(Oit)ure + EY(E)) = 0. (15)

Hence, for a given imperfection mode u, (i, ¢, A) = (ug(A. + EA(E)) + Euy + ézv(é), e + EY(é), Ao +
EA(&)) corresponds to a solution to the system of eqns (1) and (2) for the imperfection amplitude
¢ = £21(&). By using the conclusion of stability analysis in Wu and Wang (1997), we know that, only if
EA(E) <0, 4y = A + EA(E) is the buckling load (the maximum value of load) and the corresponding
displacement ug=uo(Ae + EA(E)) + Eure + E2v(&). The proof is completed.

Note that our extended system (7) applies to both of asymmetric and symmetric bifurcation points.
This is due to the nonsingularity of the solution to E(v,{, A, t,0) =0 has no relation with the
classification of simple bifurcation points. Concerning the items to be implemented in the classification,
they depend on problems considered, we refer readers to Casciaro et al. (1992). These implementations
need not to be completed in our numerical method. This point will be explained in Section 3.3.

3.2. Procedure in calculations

Now we can propose a procedure for the calculation of the buckling strength of imperfect structures:

1. Determine the buckling load A= A. and buckling mode u;. (normalized by |u;.|| =1) of the
corresponding perfect structure.

2. Extended system (7) (i.e. £=0) can then be used to obtain the buckling load 4.+ ¢A(£) and
corresponding displacement wuy(A. + EA(E)) + Eur. + (&) for the imperfection amplitude &%7(¢) by
continuing ¢ from & = 0 along the direction of ¢ satisfying £A(E) < 0.

Remark. The regularity of (v, ¥, A, t) = (vo, ¥y, Ao, 7o) as the solution to extended system (7) for £ =0
guarantees our approach in step 2 can succeed.

If the perfect structure has a linear fundamental path, uy(1):=Au/ is easily obtained by solving a linear
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system with unknown u/. Furthermore /. and u;. can be achieved by solving an eigenvalue problem
(Casciaro et al., 1992; Godoy et al., 1995)

KDu=0, (uu)=1 (16)

where K(/) is the tangent stiffness matrix along the linear fundamental path and (u, u) = 1 describes
the normalized conditions for the buckling mode. An iteration algorithm for the solution to system (16)
has been discussed (Casciaro et al., 1992). An alternative algorithm to obtain A, and u, is to apply the
Newton’s method to system (16). The implementation of solving the system is similar to that discussed
in Section 3.3. After the buckling load and corresponding buckling mode are achieved, extended system
(7) can be directly applied to get the buckling strength of imperfect structures. The implementation of
solving the system in similar to that of a symmetric fundamental path which will later be described in
detail in Section 3.3.

We next discuss the case that the perfect structure has a symmetric fundamental path. Let g— T, is a
unitary representation of a group I' on the space R", such that V(u, 4, 0) is invariant under I' in the
sense that

V(Tgu, 2,0) = V(u, 2,0), VgeTl, VueR" (17)
Then it can be shown that V,(u, 4, 0) is covariant under I in the sense that (Troger and Steindl, 1991)

T.Vu(u, 2,0) = Vu(Tgu, A, 0), VgeI, VYueR" (18)
Let Up be an invariant subspace of R” in the sense

Uy={ue R'Tqu=u, VgeT}. (19)
A symmetric fundamental path uy(4) means

uy(2) € Uy, VAz=0. (20)

Suppose that the first critical point on the symmetric fundamental path is a simple symmetry-breaking
bifurcation point (u;. ¢ Up). Then A, u‘:=uy(4.) and u;. can be obtained by solving a corresponding
extended system given by Werner and Spence (1984) or Werner (1984).

3.3. Implementation of solving the extended system

In the case that the perfect structure has a symmetric fundamental path, we discuss the
implementation of solving extended system (7). For this case, extended system (7) can be transformed to
a more available form:

Vu(”a ;Lc + 5/\’ 0)
g1, v, AT, &)

Gu, v, ¥, A, 1, E)={ gr(u, v, Yy, A, 7, &) ¢ =0 (21a)
(U1c5 V)
(u]ca ‘/j)
where

Vu C 2 ’ qL‘ Aa 2til
e (u+ Eune + Ev, 2+ & iw)’ (21b)

52
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2 2_-
gri= Vuu(u + éulc + 5 v, /1(35"' é/\, é ‘Cu)(ulz? + éw) (Zlc)

and
G UyxR'XR'"XRxRxR—UyxR'xR'"xRxR. (21d)

Set ny =dim Uy. In general, it will be easily to identify U, with R™ using the isomorphism
Iy : Uy— R™, Iy(u) = v*. Then extended system (21) becomes

LIV, (I"w, 2. + €A, 0)
g1 (Ialu“', v, A, T, 6)

H(' v, A1, &)= (', vy, A, E) =0 (22a)
(U1e5 V)
(i, ¥)
where
H: RP°XxR'XR'xXRxRxR—R"xR"xR"XRxR. (22b)

System (22) can be solved by Newton’s method. In the continuation with respect to &, for a given
(', v, ¥, A, 7) the Newton corrections du’, ov, oy, OA, ot satisfy the linear (ny + 2n + 2) system:

aou’ + byoA = ry, (23)

Bou® + Adv + oA + dot = rq, (24)

Cyou’ + DOv + AdY + edA + fot = 1, (25)

(Ue, Ov) = —(uie, v), (26)

(uie, 0Y) = —(uie, ), (27)
where

Ve =V, (I, 2.+ €A, 0),

u

V= Vu(lalus + Cupe + Ev, e + ENA, ézrﬁ), etc.,
as=IV5 I, by=IV5,E, ro=—LV,

Vi vt V!
Bi=—w0 A=V 6 c="% d=V i, r=-——*~

éz é ° uw* >
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V]{mu(ul(' + él//)lgl

CY: E
‘ <

D = éVLuu(ulC + 5‘/1)7 e = Vziu)v(ult,’ + éw)a

Vi + &)

7 (28)

= Ve + &), 1= —

In the practical realization one can take advantage of a partitioning technique (see, e.g., Werner and
Spence, 1984; Riks et al., 1990).
Compute z;, ¢;, roid, vi, T, i = 1, 2, h, s, 8y, OA, dv, 1 and du’ in

asz) = —by, aszy =y, (29)
co=c+ Bz, rn=r—Bzn, ca=e+Cz, ry=r—Cin, (30)
A d | C1 A d V2 r3
. = — , = , (31)
u, 0 T 0 u?c 0 T —(u1e, V)
h=c,+Dvi+1f, rs=r4— Dvy—15f, (32)
A h 0 r
T ’ = 5 > (33)
ulc 0 5/\ _(ulw lp)
ov="V10A+vy, O0t=T10A+13, Ou’=z;0A+ 2. (34)

Direct solution of systems (31) and (33) with Gaussian elimination might require full pivoting strategy in
order to avoid severe accumulation of roundoff errors. However, full pivoting destroys the bordered
structure of the coefficient matrix. Let j be the largest component in u;.. Both of the two systems can be
solved by decomposing the same substiffness matrix 4 of order n — 1 which is obtained by deleting the
jth row and the jth column from 4. We refer readers to Riks et al. (1990). Thus each Newton step
requires the solutions of systems of equations with only the two coefficient matrices a, and A4.

In solving system (22), we never use ¢ = 0 so that even when applying Newton’s method, the solution
(lou®, vo, Yo, Ao, T0) to system H(u', v, ¥, A, 7,0) =0 (especially item V‘u’uuufﬂ) needs not be computed. In
the first continuation step starting from & =0, we can choose (u°, v, ¥, A, 7) = ([puf, 0,0, 0,0) as the
initial value. In addition, the directional derivatives of the tangent stiffness matrix in the computation
can be approximated by difference quotient (Wriggers and Simo, 1990).

4. Numerical examples

In this section, we present three examples to demonstrate the efficiency and applicability of the
proposed method.

Example 4.1. Ziegler’s two-degree-of-freedom cantilevered model.

The model shown in Fig. 1 consists of two rigid weightless links of equal length I, interconnected with
each other and being supported by frictionless hinges and corresponding nonlinlearly elastic rotational
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Fig. 1. Ziegler’s cantilevered model subject to vertical load.

springs of quadratic type. The unstressed configuration is specified by the initial geometric imperfections
g1 and &. The model at its top end is subjected to a vertical load P.
The nondimensional total potential energy of the system is given by

, 1 1 1 1
V01, 02, Ay e1, 2) = 50% + 5519% +5(0: - 01) + 302002 - 0)°
— A[cos & — cos (01 + &) + cos & — cos (0> + &) | (35)

where 0, and 0, are the incremental angles of deformation of the system (u:=(0,, 0»)"), k is the linear
spring component common for both springs and J;(i =1,2) are the nonlinear components of the
corresponding quadratic springs, ; > 0( < 0) express the corresponding spring is of hard (soft) type,
A:=Pl/k. Let the imperfection vector

w=(e1, &) =eil, w=(a,b), a@+b*=1. (36)
Eqns (1) and (2) for the model become

01+ 0107 — 024 0, — 05(6, — 0, —Jsin (B 4+ ¢) =0, 03 — 0) + 5(0, — 0)*—Asin (B, + &) =0 (37)

and
[2 + 25191 — 252(91 — 92) — Acos (91 + 81)]¢1 — [1 + 252(92 — 91)]¢2 = 07
—[1 4252005 — 01)]¢py + [1 +282(02 — 01) — A cos (02 + &2) ], = 0 (38)
where ¢ = (¢, ¢2)t~
In the following numerical computations, we take 6; = —2.5, d, = —0.75. At the first bifurcation point

of the perfect model, the buckling load A, = 0.38197 and corresponding buckling mode u;, = (01, 02.)
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0.4

-o-Exact
035 § —Asymptotic

0.1

0.05

Fig. 2. Dependence of the buckling load on the imperfection amplitude for the imperfection mode (—0.707, 0.707).

= (0.52573,0.85065)". This is an asymmetric bifurcation point. Letting (01, 05)" = &0, 02)
+ E, ) A=A + EA, (61, 8) = E1(a, b), ¢ = (010, 02)" + EGpy, )" and defining the inner product
(u, v) = ujvi + upv,, we can obtain extended system (7) for the present problem. By using the
continuation method described in Section 3, we can determine v(¢), (&), A(E) and 1(&) from the
extended system. The numerical results (exact) for (¢, b) = (—0.707, 0.707) is plotted in Fig. 2. For
comparison, the asymptotic solution [up to O(¢)] based on Wu and Wang (1997) is also shown.

Y

(%3> Y3I)

Y
P (4%, Y3 45)

Fig. 3. Two-bar non-shallow arch under a vertical load.
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Fig. 4. Dependence of the buckling load on the imperfection amplitude for the critical imperfection mode.

Example 4.2. A two-bar non-shallow arch subjected to vertical load at top node.

This model (see Fig. 3) is investigated by Ikeda and Murota (1990) for determining the critical
imperfection of the arch. The nondimensional potential energy of the arch is given by

~ 2 n 2
1 — 1 -
V(u, A, ) = Eal<l1 I ll) +§az<l2 3 12) —Ay (39a)

where

P
u:(x’ y)[v A': av

w = (Ax1, Ay1, Axa, Ays, Axs, Ays, Aay, Aay)',
(X1, V1, X2, 2, X3, y3, a1, ap)' = (—1,3,1,3,0,0, 1, 1) + w,

li={(x3— xi) + (3 —J/i)z}l/z,

7 1/2 .
F={+xs—xP+0+m -} i=12 (39b)

The imperfection vector w is written as
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8
w=¢&d, d? = 1. 40
1
i=1

It is easy to check that, for the perfect structure, there exists invariant subspace Uy:={(0, y)', y € R} of
R?; in addition, it has no trivial symmetric fundamental path. Using the method described in Section
3.2, we get the buckling load /. = 0.24776 and corresponding buckling mode uj. = (x1., y1c)’ = (0, 1)" of
the perfect model. This is a symmetric bifurcation point. Using the method described in Sections 3.2 and
3.3, we obtain the load drop (exact) vs imperfection amplitude curve (Fig. 4) for the critical imperfection
mode (Ikeda and Murota, 1990)

d = (—0.28404, —0.26061, —0.28404, 0.26061, 0.56812, 0, 0.43592, — 0.43592)". 41)

The asymptotic solution [up to O(g)] derived from Wu and Wang (1997) is also shown for comparison.

Example 4.3. A simply supported beam on a nonlinear softening elastic foundation subjected to axial
load (Fig. 5).

The nondimensional potential energy of the beam is given by (Potier-Ferry, 1987):

!
D, A, w) = Jo <%u”2 — %iu/z + %u2 - %u“ - /lw/u/> dx (42)
where u, w, [, and A are, respectively, nondimensional incremental lateral displacement, initial geometric
imperfection and length of the beam, and axial load. For illustration, we take /= = in the following
discussions. The beam is assumed to be simply supported.

We choose a uniform mesh size, # = n/(N + 1), N: integer, and nodes x; = ih, i =1,2,..., N. Starting
from (42) and using difference-variation (evaluate the integral with trapezoid formula and use central
difference quotient approximations to u” and u’) discretization to it leads to the corresponding finite-
dimensional potential energy function V-

hi(” 2ul+ul 1)2_1/1 1”1 +Z Uz+1 u, 1 2+l“_N _|_ﬁ iv: 2

1 2" 2w 2w | T2\ &t

_h XN: 4\ o lﬂﬂ_F XN: Witl — Wi—1 \ [ Uit] — Ui—1 +1W7NM7N (43)
4\ 2 20 h 20 20 2 h

N —

Viu, A, w) =

1

—‘ ~ -

S

Fig. 5. A beam on a softening elastic foundation under axial compression load.
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where u; = uys) = wy = wyey = 0, u= (uj, up, ..., uN)T and w = (wy, wa, ..., wN)T are, respectively, the
column vectors of the nodes of the incremental lateral displacement and initial geometric imperfection. In
the above finite-dimensional system, we define the inner product of u and v as follows:

N
(u, v) = h(Zum). (44)
1

Let N =40. At the first bifurcation point of the corresponding perfect beam (with the fundamental path
up(2) = 0), A, = 2.002939, and the buckling mode u. is normalized according to the norm |u.|| =1 and
its expression is omitted. This is also a symmetric bifurcation point. In the computation of the buckling
strength, we consider the initial geometric imperfection which has the shape of classical buckling mode
uy., and let the imperfection

W = &uj, (45)

Based on the method of Section 3, the dependence of the buckling load A, (exact) on the maximum
amplitude uf™(:=eu™ where u** is the largest component in the normalized buckling mode u;.) of
initial geometric imperfection is shown in Fig. 6. For comparision, the asymptotic solution [up to O(g)]
based on Wu and Wang (1997) is also shown.

From Figs. 2, 4 and 6, one finds that, based on the proposed direct method, the exact buckling load
for sufficiently large imperfection amplitude can be achieved. Furthermore, it is evident that the
asymptotic analysis is a reasonable approximation only for small range of the imperfection amplitude.

22 r

v Exact
—Asymptotic

Fig. 6. Dependence of the buckling load on the maximum initial geometric imperfection amplitude.
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5. Conclusions

An extended system method for determining the buckling strength of imperfect structures has been
introduced, under the assumptions of a symmetric or a linear fundamental path and existence of a
simple symmetry-breaking or a simple bifurcation point. The solution to the extended system can be
regularized by &, the amplitude of projection of incremental displacement u from the fundamental path
on the normalized buckling mode u;. of the perfect structure. Thus, standard methods can be used to
directly compute the buckling load of imperfect structures by continuing ¢ with the extended system.
The implementation of Newton’s method solving the extended system—a partitioning procedure has
also been given.

This method can allow simultaneous treatment of geometric and material imperfections, determine the
exact limit point load and corresponding displacement without tracking the equilibrium paths of the
imperfect structures, permit results to be implemented in a FEM program. The three numerical
examples have shown that one can get the exact buckling load for sufficiently large imperfection
amplitude and the algorithm has good convergence.
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